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Abstract
We show that if the beta functions of a field theory are given by the gradient
of a certain potential on the space of couplings, a gravitational background in
one more dimension can express the renormalization group (RG) flow of the
theory. The field theory beta functions and the gradient flow constraint to-
gether reconstruct the second order spacetime equations of motion. The RG
equation reduces to the conventional gravitational computation of the space-
time quasilocal stress tensor, and a c-theorem holds true as a consequence of the
Raychaudhuri equation. Conversely, under certain conditions, if the RG evo-
lution of a field theory possesses a monotonic c-function, the flow of couplings
can be expressed in terms of a higher dimensional gravitational background.
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Introduction
The holographic principle states that the degrees of freedom describing quantum
gravity in some volume can be encoded at fixed density on a “screen” or surface that
bounds that volume [1, 2]. A particularly simple realization of this principle appears
to occur for asymptotically anti-de Sitter (AdS) spaces where (d + 1)-dimensional
spacetime dynamics is conjectured to be encoded in a local quantum field theory
(QFT) on the timelike, d-dimensional AdS boundary [3].
In this correspondence, phenomena occuring closer to the AdS boundary are re-
lated to local, ultraviolet physics in the field theory, while infrared and non-local data
encode the deep interior of the space [4, 5, 6, 7, 8, 9, 10]. This suggests that the
semiclassical structure called spacetime can sometimes be generated from a QFT via
renormalization group (RG) flow.1
Here, we show that if the beta functions of a field theory in 4 dimensions are
given by the gradient of a certain potential on the space of couplings, the RG flow of
the theory admits a description in terms of 5 dimensional gravity coupled to scalar
fields. For such flows, the second order spacetime equations of motion can be recon-
structed from the field theory beta functions and the gradient flow constraint. The
field theory RG equation is realized as the conventional gravitational computation
of the trace of the quasilocal stress tensor. A c-theorem is satisfied by the RG flow
as a consequence of the Raychaudhuri equation for the 5 dimensional gravitational
background. Conversely, if a QFT has a c-function that evolves monotonically down
an RG trajectory, under certain conditions the flow of couplings may be expressed in
terms of a 5 dimensional gravitational background.
Gradient beta functions
Consider a 4-dimensional QFT on a Ricci-flat manifold with an interaction La-
grangian:
Sint =
∫
d4xφI OI . (1)
On a flat manifold there is no conformal anomaly, and the RG equation is simply
given by the conformal Ward identity for the trace of the stress tensor:
〈T 〉 ≡ 〈T ii 〉 ∝
dΓ
d log λ
= βI
∂Γ
∂φI
. (2)
Γ is quantum effective action of the field theory, the beta functions are the scale
derivatives of the couplings βI = dφ
I
d log λ
, and λ = Λ/Λ0 in terms of an energy cutoff Λ
and a reference scale Λ0.
Now consider a QFT in which the beta fuctions can be derived as gradients of a
particular potential on the couplings:
βI = −GIJ(φ) ∂
∂φJ
log(a 〈T 〉+ U(φ)) (3)
1In fact, it is known that the string field theory equations of motion are closely related to the
Wilsonian RG flow of the string sigma model [11].
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GIJ is a positive, symmetric function of the couplings φI , a is a constant of length
dimension 4, and U(φ) is a function of couplings that will be related to the norm of
the beta functions. We will show that near a conformal point the inverse metric GIJ
must be related to the normalization of the 2-point function 〈OIOJ〉. At a conformal
point the beta functions vanish. Then (3) implies that ∂(〈T 〉+U)
∂φI
also vanishes, so that
(〈T 〉+ U) is extremized as a function of the couplings.
The QFT RG flow can be related to the equations of motion of 5d gravity if, in
addition, the norm of the beta functions is:
1
4
GIJ β
I βJ = 1− V (φ)
(a 〈T 〉+ U(φ))2 ≥ 0 . (4)
V (φ) will be related to a c-function for the RG flow. The ultraviolet limit of the theory,
if it exists, is conformal. In this limit, 〈T 〉 → 0, and we can choose the normalization
U(φ)→ 1. Furthermore, at any conformal point, the vanishing of the beta functions
requires that V (φ) → 〈T 〉 + U(φ), implying that V (φ) is extremized. We will show
that the first order RG flow of the d-dimensional QFT can be represented as the
second order equations of motion of 5-dimensional gravity coupled to scalars φI , with
a potential V (φ) and a “boundary” cosmological constant related to U(φ).
At first glance, there are three unknowns in (3) and (4): the metric GIJ and the
potentials U(φ) and V (φ). Since there are only two equations, this suggests that any
RG flow is expressible in this manner by a suitable choice of metric and potentials.
Near a conformal point, we will show that these quantities relate to other dynamical
data such as correlation functions. But away from a conformal point, despite the
constraints implied by the positivity and symmetry of the metric, (3) and (4) seem
to be rather weak restrictions. However, we will argue that any flow that can be
written as (3) and (4) possesses a c-function related to the potentials U and V ,
provided a certain positive energy condition is satisfied. The inequality in (4) will
be equivalent to a statement that field theories obeying (3) have a c-function that
decreases monotonically during RG flow. So we will be forced to conclude either that
a surprisingly general class of field theories possesses a monotonic c-function, or that
the conditions (3) and (4) are much more restrictive than they appear.
Gravitational description
Einstein gravity coupled to scalars on a 5-dimensional manifold M has an action
Sh =
1
16πGN
∫
M
d4x dr
√−h
[
−Rh + 1
2
gIJ h
µν (∂µα
I)(∂να
J)− 12
ℓ2
v(α)
]
− 1
8πGN
∫
∂M
d4x
√
γ [Θ + Lc.t.] (5)
Rh is the Ricci scalar of the spacetime metric hµν , gIJ is the metric on the space of
scalars αI and ℓ is a length scale. By choice, the potential v has negative extrema,
with at least one extremum at v = −1. Placing the scalars at these points induces a
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negative cosmological constant in the space. We will be interested in solutions whose
potentials approach v = −1 as r →∞. The boundary extrinsic curvature θ makes the
equations of motion well-defined, and Lc.t. is a counterterm Lagrangian constructed
from intrinsic invariants of the induced metric γij on the spacetime boundary. When
the scalars are at the v(α) = −1 extremum, the gravitational part of the action can
be rendered finite by setting Lc.t. =
3
ℓ
(
1− ℓ2
12
Rγ
)
[12, 13]. We require a counterterm
scheme that yields a finite gravitational action for any solution that asymptotically
approaches an extremum of the scalar potential. One such scheme is
Lc.t. =
3
ℓ
(
u(α)− ℓ
2
12 u(α)
Rγ
)
, (6)
subject to the requirement that u(α)2 → −v(α) when the αI approach any extremum
of v.2 In effect, u(α) serves as a cosmological constant on the boundary of the space.
Similarly, counterterms may be added to cancel divergences in the total action for
the scalar fields [15].3
The most general 4-dimensional Poincare´ invariant solution of this action can be
put in the form
ds2 = e2A(r) ηij dx
idxj + dr2 , (7)
with ηij the flat metric in 4 dimensions and the scalars φ chosen as functions of r
only. The second order equations of motion that follow from varying (5) with respect
to the metric and requiring a solution of the form (7) are [16]:
d2A
dr2
= −1
6
gIJ
dαI
dr
dαJ
dr
, (8)(
dA
dr
)2
= − 1
ℓ2
v(α) +
1
24
gIJ
dαI
dr
dαJ
dr
. (9)
The second equation is simply the statement of r-reparametrization invariance of the
action (5) – i.e., it is the Hamiltonian constraint. The scalar equations of motion are
gKL
d2αL
dr2
+ 4 gKL
dαL
dr
dA
dr
=
12
ℓ2
∂v
∂αK
+
1
2
∂gIJ
∂αK
dαI
dr
dαJ
dr
− ∂gKL
∂αI
dαI
dr
dαL
dr
. (10)
So long as dαI/dr 6= 0, we can treat A′ ≡ dA/dr and αI′ ≡ dαI/dr as functions
of α, to write (8) as4
∂A′
∂αI
dαI
dr
= −1
6
gIJ
dαI
dr
dαJ
dr
. (11)
2The arguments of u(α) are the boundary values of the scalars. Also see [14] for discussions for
boundary counterterms in theories with scalars.
3As we will discuss later, there is a large scheme dependence in this counterterm prescription, in
parallel with scheme dependences in field theory RG flows.
4The analysis below will always hold piecewise in domains where dαI/dr 6= 0. When the scalars
are at an extremum of v, αI
′
= 0 and A′ is a constant. This will correspond to a conformal point in
the field theory.
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Solutions to (11) are obtained by setting
dαI
dr
= −6 gIJ ∂A
′
∂αJ
. (12)
Computing A′(α) from (12) and (9), it is easy to show that the scalar equations (10)
are automatically satisfied.5 Thus, starting from (12) and (9) one can derive the
complete equations of motions for a five-dimensional lagrangian of the form (5).
Integrating the solutions for φI
′
andA′ yields a trajectory αI(r) in the N-dimensional
space of scalar fields. The N first-order equations (11) and the the N-dimensional
first-order equation (9) produce 2N integration constants [16]. Along with the speci-
fication of the integration bound r0 and A(r0), these constants reproduce the 2N +2
expected initial conditions of the scalar and gravity equations of motion [16].
Now consider the total action as a functional of the induced “boundary” metric γij
on a surface of fixed r. Following Brown and York [17], and including the counterterms
(6) [13], the quasilocal stress tensor of the spacetime on a fixed-r surface is the
response of the action to variations of γij:
τij =
2√−γ
δSh
δγij
(13)
=
1
8πGN
[
θij − θ γij − 3 u(α)
ℓ
γij − ℓ
2 u(α)
Gij
]
. (14)
Here θij is the extrinsic curvature of the fixed-r surface, θ is the trace of θij , and Gij is
the Einstein tensor constructed from the boundary metric. From the Hamilton-Jacobi
perspective, τij is simply the variable conjugate to the boundary metric γij, given the
action (5) as a functional of boundary data [17].
For solutions of the form (7), the trace of τij is
τ ≡ γij τij = 3
2πGNℓ
[
ℓ
dA
dr
− u(α)
]
. (15)
We found solutions to the equations of motion by assuming dαI/dr 6= 0, so that A′
and αI
′
could be expressed as functions of αI . Under these conditions, the trace of
the Hamilton-Jacobi expression for the Brown-York stress tensor is proportional to
δSh
δA
=
δSh
δαI
δαI
δA
. (16)
(Recall that τ = (D/
√−γ) (δS/δA)).
In the connection between CFTs and gravity on AdS spaces, position in the radial
direction is known to play the role of the scale in dual field theory computations. It
is difficult to map the radial coordinate directly into field theory scales because of the
5To show this, differentiate (12) with respect to r and use the αI derivative of (9).
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possibility of radial reparametrization. However, there is an invariant way to study
radial positions in classical solutions of the form (7) – we will associate the warp factor
in the metric (A), with the log of λ, the scale in the definition of the beta functions in
(2). The map between the field theory RG equations and the gravitational equations
of motion is then:
GIJ ≡ 6 gIJ φI ≡ αI a ≡ 2πGN ℓ
3
log λ = A
〈T 〉 ≡ τ V (φ) ≡ −v(α) U(φ) ≡ u(α)
Using these substitutions and the fact that A′ = (a τ + u(α))/ℓ (15), it easy to show
that the equations of motion (12) and (9) are exactly the gradient beta function
equation (3) and the potential equation (4) respectively. As discussed, simultaneous
solution of (12) and (9) is sufficient to solve the complete coupled second-order equa-
tions for the scalars and the spacetime metric subject to the 4d Poincare´ invariant
ansatz (7). Identifying variations of Γ, the QFT effective action as a function of cou-
plings, with variations of S, the spacetime action as a function of boundary data, the
expression for the trace of Brown-York stress tensor (16) becomes equivalent to the
field theory RG equation (2).
We have mapped the boundary values of the spacetime scalar fields and the metric
to field theory couplings. That accounts for half the integration constants of the
equations of motion (8) – (10). The remaining constants are the radial derivatives
of bulk fields which, in the AdS/CFT context, were related to expectation values
of operators in the CFT [6]. A similar relationship holds here; for example, 〈T 〉 =
τ ∼ dA/dr according to (15). Our analysis treats RG flow in the vacuum state where
operator expectation values have been set to zero. From the gravitational perspective,
this should correspond to fixing the radial derivatives of bulk fields to yield the lowest
energy given the boundary values.
In perturbative string theory, a central consistency condition is the requirement of
world-sheet conformal invariance, which implies that strings can consistently propa-
gate only in backgrounds which satisfy the string equation of motion. In other words,
the condition that the beta function is zero is equivalent to the target space equa-
tion of motion [18]. Equation (3) is an analogue of this statement in the context
of holographic duality. Supplemented by the requirement (4) on the norm of the
beta functions, (3) yields the full equations of motion of the spacetime fields. As we
shall see, the potential in the gradient beta function equation is intimately related
to a c-function which decreases monotonically along our RG flows. After the iden-
tifications above, (4) became the condition of r-reparametrization invariance of the
5-dimensional spacetime. This suggests that it should be directly related to invariance
of the field theory under redefinitions of the floating scale.
C-functions and an analogue Zamolodchikov metric
Any field theory satisfying the constraint (3) has a c-function that decreases mono-
tonically during RG-flow. The basic reason for this is that 〈T 〉 is identified with the
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trace of τij , the quasilocal stress tensor of spacetime given in (14). Since the intrinsic
curvatures of the boundaries at fixed r vanish for metrics of the form (7), the trace
of the stress tensor depends only on the extrinsic curvature:
〈T 〉 ≡ τ = − 3
8πG
(
θ +
4 u(α)
ℓ
)
. (17)
The Raychaudhuri equation implies a monotonic radial flow of θ,
dθ
dr
≤ 0 , (18)
so long as a form of the weak positive energy condition is satisfied by the scalar
fields [19].6
This fact, coupled with dimensional analysis and Bousso’s covariant entropy for-
mula [2], has led Sahakian [20] to propose a candidate gravitational analogue of a
c-function:7
c ∝ 1
GN θ3
(19)
(See [21, 22, 23, 24] for interesting examples and related proposals.) Translating into
field theory variables, the candidate c-function is
c = c0 (a 〈T 〉+ U(φ))−3 ; c0 = b ℓ
3
GN
(20)
with b a dimensionless numerical constant. The Raychaudhuri equation automatically
implies monotonicity of this c-function. Accepting this proposal, the gradient beta
function equation (3) may be rewritten as
βI =
1
3
GIJ
∂ log c
∂φJ
≡ G˜IJ ∂c
∂φJ
. (21)
This formula gives a useful consistency check on the identifications we have been
performing between field theory and gravitational quantities. We will show that
G˜IJ = GIJ/3c determines the normalization of the field theory 2-point function in
the vicinity of a conformal point.
To see this, recall that perturbing around a conformal point by some marginal
operators OI , an analogue of the c-function in two dimensions can be defined as
T (x) ∝ βI OI ; 〈T (k)T (−k)〉 = c˜ k4 (22)
6Monotonicity follows from the Raychaudhuri equation describing evolution of the expansion θ
along null curves, applied to static metrics of the form (7). If Tab is the matter stress tensor and T is
its trace, the required energy condition is that Tab ka kb ≥ 0 for all null ka. In [19], the weak energy
condition is defined with respect to timelike ξa: Tab ξa ξb ≥ 0. Both this, and the strong positive
energy condition in [19], Tab ξa ξb ≥ −(1/2) T , imply the positivity of Tab ka kb.
7We are specializing the proposal to metrics of the form (7).
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in terms of the trace of the stress tensor T = T ii . At a conformal point, the 2-point
function of OI is given by 〈OI(x)OJ(0)〉 = G
Z
IJ
x8
, so that in the vicinity of this point
〈OI(k)OJ(−k)〉 = k4
(
const. +GZIJ log
k
Λ0
+ · · ·
)
≡ GZIJ f(k) + · · · (23)
Here GZIJ is an analogue of the Zamolodchikov metric defined in two dimensions. The
last two equations together imply that
c˜ = const. + βIβJGZIJ log
k
Λ0
+ ... (24)
An alternative expression for c can be obtained by expanding the couplings around
the conformal point as φI = φI0 + β
I log k
Λ0
+ · · · and expanding c(φ) around φ0:
c˜ = const. +
∂c
∂φI
βI log
k
Λ0
+ · · · (25)
The two expressions for c˜ are equal close to a conformal point if
βI = GIJZ
∂c˜
∂φJ
, (26)
GIJZ being the inverse of G
Z
IJ . In two dimensions, this formula is exactly true by
Zamolodchikov’s theorem [25], while the above is an approximate derivation in four
dimensions, in the vicinity of a conformal point. In fact, various candidates have
been proposed for a c-function in 4-dimensional field theory [26]. The coefficient c˜ in
(22) is one of these, and is related to the coefficient of the Weyl tensor squared term
in the conformal anomaly [27, 28]. Another candidate is the coefficient of the Euler
invariant in the anomaly. The material point for us is that equation (26) holds true
near a conformal point for either candidate c-function (see [27, 28, 29] and references
therein).
Comparing (21) and (26) shows that consistency of the identification of the c-
function in the former requires that G˜IJ determine the 2-point function of OI at
the conformal point. At the UV conformal point, the beta functions and 〈T 〉 are
zero, while u(φ) = 1; we then expect that 〈OI(k)OJ(−k)〉 = f(k) G˜IJ = 3c f(k)GIJ .
This serves as a consistency check on the dictionary between field theory and gravity
quantities that we are developing. We equated the spacetime action S, as a functional
of boundary data, to the field theory quantum effective action Γ, as a functional
of couplings. So the field theory 2-point function relates directly to the spacetime
propagator between boundary points for the scalars αI
8. We would like to see that
this is proportional to f(k)GIJ (GN/ℓ
3).
At the ultraviolet conformal point, the potential v(α) in (5) was normalized to
−1, and the equations of motion are solved to give pure anti-de Sitter space. So the
8Note the lower index.
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scalar propagator in spacetime is given by the standard computation in the AdS/CFT
correspondence [3, 30, 31] and is proportional in momentum space to f(k) = k4 log k.
The normalization of the scalar fields in (5) implies that the scalar propagator for αI is
proportional to GN gIJ . Since GN has length dimension three and ℓ is only remaning
length scale, the scalar propagator must yield, via the QFT-gravity dictionary,
〈OI OJ〉 ∝ f(k)GIJ GN
ℓ3
+ · · · (27)
in the vicinity of the UV conformal point. In the identification of the RG equations
and the spacetime equations of motion, only the combination of parameters a =
2πGNℓ/3 appeared. Now we see that this data can combine with the normalization
of the 2-point function of OI to separately yield the Newton constant (GN) and the
spacetime curvature scale (ℓ). Analysis of higher point functions would give further
consistency conditions.
The results we have accumulated suffice to show that the RG flow of any theory
with a monotonic c-function can be be rewritten in terms of a 5d gravity background
under some conditions. Suppose we are given as data the beta functions, stress tensor
and monotonic c-function of a 4-dimensional QFT. The relation (21) serves to define
a metric GIJ , which we require to be positive and symmetric. Equation (20) defines
the potential U(φ), and thereby the gradient beta function equation (3). Finally,
consider the scale variation of the c-function:
d log c
d log λ
= βI
∂ log c
∂φI
(28)
Inverting (21) to get an equation for ∂ log c/∂φJ , we find:
d log c
d log λ
∝ −GIJ βI βJ (29)
The right hand side of this equation defines the potential V (φ) in (4). We now see
that V (φ) is related to the deviation of the c-function away from its value at the
conformal point. In summary, given the beta functions, stress tensor and monotonic
c-function of a 4d QFT, we have defined a metric and two potentials. As we have
shown, these are the elements of a five-dimensional gravitational Lagrangian whose
equations of motion reproduce the field theory RG equations.
Discussion
The Hamiltonian constraint (9) expresses radial reparametrization invariance of
solutions to the action (5). If radial positions are mapped to field theory scales, we
would expect to extract a “holographic” RG equation from this constraint. In [32] de
Boer, Verlinde and Verlinde achieve this goal by separating the five-dimensional bulk
spacetime action Sh bounded at a given radial position into one piece which is local
in the boundary data (Sl), and another which is non-local (Snl). The Hamiltonian
9
constraint, i.e. the Hamilton-Jacobi equation for the total spacetime action Sh, is
rewritten as a first order RG equation of the Callan-Symanzik type for the non-local
action Snl. The beta-functions are implicitly determined by the form of the local
action Sl since they are defined as ratios of
δSl
δA
and δSl
δφI
. This definition agrees with the
beta function derived from the conformal Ward identity, i.e., the trace of the Brown-
York stress tensor. Therefore, knowledge of Sl completely specifies the form of the
beta function. Combined with the original Hamiltonian constraint, this determines
all the equations of motion, as we have shown above. Furthermore, when the space
is 3 + 1 Poincare´ invariant, the local action Sl is determined by the vacuum energy
density of the boundary field theory, which is proportional to the trace of the stress-
energy tensor. We have derived an RG equation from gravity by directly computing
the trace of the quasilocal stress tensor. The resulting beta function agrees exactly
with the one discussed in [32]. The Hamiltonian constraint (9) can be rewritten as (4)
which, as we have seen (29), simply defines the flow of the c function in our formalism.
We have shown that if the beta functions of a 4d field theory are given by gradients
of a certain potential, then the RG flow can be expressed as a classical solution of
5 dimensional gravity coupled to scalar fields.9 The Raychaudhuri equation in 5
dimensions automatically guaranteed a c-theorem for such flows. Equivalently, a 4d
RG flow relates to 5d gravity when the beta functions are given by the gradient of
a monotonic c-function (21), while the c-function is related to the trace of the stress
tensor as in (20). Given the beta functions, stress tensor and c-function of a field
theory we can always rewrite RG flow in terms of 5d gravity so long as the symmetric,
positive metric GIJ in (21) can be defined. Similar results may be derived for RG flows
of field theories in other dimensions. Famously, beta functions of any renormalizable
theory in two dimensions can be expressed as gradients of a c-function [25] with a
positive symmetric metric appearing in (21). It has been suggested that a holographic
c-function appropriate to 2-dimensional theories will satisfy c ∼ 1/(a〈T 〉+U(φ)) [20].
Using this to define U(φ), and (4) to define V (φ), we expect that any such RG flow
is expressible in terms of a gravity background.
What characterizes a theory which realizes gradient beta functions of the form
discussed in this paper? By construction, the large N , conformal theories appearing
in the AdS/CFT correspondence have the requisite traits. However, the symmetries
and properties guaranteeing (3) (or a monotonic c-function) have not been generally
understood. Based on the AdS/CFT experience, we expect that a theory might
have an RG flow satisfying (3) in some limit of parameters, but that deviations from
the limit produce systematic corrections. These should be compared to modified
spacetime equations of motion arising from higher derivative terms added to the
action (5). In string theory, such terms originate in propagation of the excited states
9By construction, the examples of holographic RG flows developed in [16, 22, 23, 24] all fit our
formalism.
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of string and in loop corrections.
Only some field theory RG schemes can be expected to have holographic descrip-
tions in gravity. Within our analysis, there is a scheme dependence in the definition
of the stress tensor T and the potentials U and V in field theory. However, these
stress tensor ambiguities can be precisely matched by modifications in the countert-
erm scheme (6) for the gravitational stress tensor.10 More generally, different RG
schemes involve different ways of imposing a cutoff and integrating out modes or,
alternatively, different choices of counterterms. The AdS/CFT correspondence sug-
gests that an appropriate class of RG schemes coarsens field variables by convolving
them against a smearing kernel [33]. Even this cannot be entirely sufficient as the
field theory approaches the deep infrared. In this limit, the gravity description in-
volves a large bubble of essentially flat space at the center of an AdS spacetime. Since
the field theory is in the deep infrared, it appears that the physics of homogeneous
modes describes the flat space region. In the AdS/CFT case, these modes constitute
the quantum mechanics of a large matrix, in an echo of the M(atrix) model of M-
theory [34]. This suggests that recovery of the equations of motion of a flat space
region in AdS requires implementation of a “matrix renormalization group” relating
the physics of SU(N) to SU(N − k).
Holographic realizations of the renormalization group associate field theory scales
with radial positions in a higher dimensional spacetime. The full set of 5-dimensional
diffeomorphisms can put “bumps” in surfaces at fixed radial positions. Recovering
such transformations from 4-dimensional field theory will certainly involve a local
notion of the renormalization group where the coarsening scale varies from point
to point. This automatically requires consideration of theories with spatially varying
couplings. It will be illuminating to elucidate the relation between local RG invariance
in field theory and higher dimensional diffeomorphism invariance.
Acknowledgements
We have benefitted from discussions with M. Douglas, P. Horˇava, P. Kraus,
S. Shenker, E. Verlinde, H. Verlinde, N. Warner, E. Witten, and, particularly, J. de
Boer and R. Gopakumar. V.B. was supported by the Harvard Society of Fellows,
the Milton Fund of Harvard University, and NSF grant NSF-PHY-9802709. E.G. was
supported by DOE grant DE-FG03-92ER40701. D.M. was supported by DOE grant
DE-FG03-84ER40168. V.B. is grateful to the University of Chicago and UCLA where
part of this work was completed. D.M. enjoyed the hospitality of the University of
Illinois at Chicago during this project.
Recent work which overlaps with the content of this paper appears in [35].
10One such ambiguity, affecting the definition of the trace anomaly on a curved manifold is dis-
cussed in [13].
11
References
[1] G. ’t Hooft, “Dimensional reduction in quantum gravity,” Salamfest 1993:0284-
296 [gr-qc/9310026]; L. Susskind, “The world as a hologram,” J. Math. Phys.
36, 6377 (1995) [hep-th/9409089].
[2] R. Bousso, “The holographic principle for general backgrounds,” Class. Quant.
Grav. 17, 997 (2000) [hep-th/9911002]; R. Bousso, “Holography in general
space-times,” JHEP 9906, 028 (1999) [hep-th/9906022]; R. Bousso, “A Co-
variant Entropy Conjecture,” JHEP 9907, 004 (1999) [hep-th/9905177].
[3] J. Maldacena, “The Large N limit of superconformal field theories and super-
gravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200].
[4] L. Susskind and E. Witten, “The Holographic bound in anti-de Sitter space,”
[hep-th/9805114].
[5] A.W. Peet and J. Polchinski, “UV / IR relations in AdS dynamics,” Phys. Rev.
D59, 065011 (1999) [hep-th/9809022].
[6] V. Balasubramanian, P. Kraus, A. Lawrence and S.P. Trivedi, “Holographic
probes of anti-de Sitter space-times,” Phys. Rev. D59, 104021 (1999) [hep-
th/9808017].
[7] T. Banks, M. R. Douglas, G. T. Horowitz and E. Martinec, “AdS dynamics from
conformal field theory,” [hep-th/9808016].
[8] V. Balasubramanian and S. F. Ross, “Holographic particle detection,” Phys.
Rev. D61, 044007 (2000) [hep-th/9906226]; S. B. Giddings and S. F. Ross,
“D3-brane shells to black branes on the Coulomb branch,” Phys. Rev. D61,
024036 (2000) [hep-th/9907204]; J. Louko, D. Marolf and S. F. Ross, “On
geodesic propagators and black hole holography,” hep-th/0002111.
[9] U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, “Vacua, propaga-
tors, and holographic probes in AdS/CFT,” JHEP 9901, 002 (1999) [hep-
th/9812007]; U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, “Spheri-
cally collapsing matter in AdS, holography, and shellons,” Nucl. Phys. B563, 279
(1999) [hep-th/9905227]; U. H. Danielsson, E. Keski-Vakkuri and M. Kruczen-
ski, “Black hole formation in AdS and thermalization on the boundary,” JHEP
0002, 039 (2000) [hep-th/9912209].
[10] J. Polchinski, L. Susskind and N. Toumbas, “Negative energy, superluminosity
and holography,” Phys. Rev. D60, 084006 (1999) [hep-th/9903228].
12
[11] T. Banks and E. Martinec, “The Renormalization Group And String Field The-
ory,” Nucl. Phys. B294, 733 (1987).
[12] M. Henningson and K. Skenderis, “The holographic Weyl anomaly,” JHEP 9807,
023 (1998) [hep-th/9806087];
[13] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,”
Commun. Math. Phys. 208, 413 (1999) [hep-th/9902121].
[14] R. Cai and N. Ohta, “Surface counterterms and boundary stress-energy tensors
for asymptotically non-anti-de Sitter spaces,” hep-th/9912013; S. Nojiri,
S. D. Odintsov and S. Ogushi, “Finite action in d5 gauged supergravity and
dilatonic conformal anomaly for dual quantum field theory,” hep-th/0001122.
[15] G. Chalmers and K. Schalm, “Holographic normal ordering and multiparticle
states in the AdS/CFT correspondence,” Phys. Rev. D61, 046001 (2000) [hep-
th/9901144].
[16] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch, “Modeling the fifth
dimension with scalars and gravity,” [hep-th/9909134].
[17] J. D. Brown and J. W. York, “Quasilocal energy and conserved charges derived
from the gravitational action,” Phys. Rev. D47, 1407 (1993).
[18] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory.” Cam-
bridge, UK: Univ. Pr. (1987) (Cambridge Monographs On Mathematical
Physics); J. Polchinski, “String Theory.” Cambridge, UK: Univ. Pr. (1998)
(Cambridge Monographs On Mathematical Physics).
[19] R. M. Wald, “General Relativity,” Chicago, USA: Chicago University Press
(1984).
[20] V. Sahakian, “Holography, a covariant c-function, and the geometry of the renor-
malization group,” [hep-th/9910099].
[21] E. Alvarez and C. Gomez, “Geometric holography, the renormalization group and
the c-theorem,” Nucl. Phys. B541, 441 (1999) [hep-th/9807226]; E. T. Akhme-
dov, “A remark on the AdS/CFT correspondence and the renormalization group
flow,” Phys. Lett. B442, 152 (1998) [hep-th/9806217]; C. Schmidhuber,
“AdS-flows and Weyl gravity,” hep-th/9912155.
[22] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Renormaliza-
tion group flows from holography supersymmetry and a c-theorem,” [hep-
th/9904017]. D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Con-
tinuous distributions of D3-branes and gauged supergravity,” [hep-th/9906194].
13
[23] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “Novel local CFT and
exact results on perturbations of N = 4 super Yang-Mills from AdS dynamics,”
JHEP 9812, 022 (1998) [hep-th/9810126]. M. Porrati and A. Starinets, “RG
fixed points in supergravity duals of 4-d field theory and asymptotically AdS
spaces,” Phys. Lett. B454, 77 (1999) [hep-th/9903085]. L. Girardello, M. Petrini,
M. Porrati and A. Zaffaroni, “The supergravity dual of N = 1 superYang-Mills
theory,” [hep-th/9909047].
[24] K. Skenderis and P. K. Townsend, “Gravitational stability and renormalization-
group flow,” Phys. Lett. B468, 46 (1999) [hep-th/9909070].
[25] A. B. Zamolodchikov, “ ‘Irreversibility’ Of The Flux Of The Renormalization
Group In A 2-D Field Theory,” JETP Lett. 43, 730 (1986).
[26] J. L. Cardy, “Is There A C Theorem In Four-Dimensions?,” Phys. Lett. B215,
749 (1988).
[27] H. Osborn and A. C. Petkou, “Implications of conformal invariance in field the-
ories for general dimensions,” Annals Phys. 231, 311 (1994) [hep-th/9307010].
[28] D. Anselmi, M. Grisaru and A. Johansen, “A Critical Behaviour of Anomalous
Currents, Electric-Magnetic Universality and CFT4,” Nucl. Phys. B491, 221
(1997) [hep-th/9601023]; J. Erdmenger and H. Osborn, “Conserved currents
and the energy-momentum tensor in conformally invariant theories for general
dimensions,” Nucl. Phys. B483, 431 (1997) [hep-th/9605009]; D. Anselmi,
D. Z. Freedman, M. T. Grisaru and A. A. Johansen, “Nonperturbative formulas
for central functions of supersymmetric gauge theories,” Nucl. Phys. B526, 543
(1998) [hep-th/9708042];
[29] S. Forte and J. I. Latorre, “A proof of the irreversibility of renormalization group
flows in four dimensions,” Nucl. Phys. B535, 709 (1998) [hep-th/9805015].
[30] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “Gauge theory correla-
tors from noncritical string theory,” Phys. Lett. B428, 105 (1998) [hep-
th/9802109]; E. Witten, “Anti-de Sitter space and holography,” Adv. Theor.
Math. Phys. 2, 253 (1998) [hep-th/9802150].
[31] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, “Correlation functions
in the CFT(d)/AdS(d+ 1) correspondence,” Nucl. Phys. B546, 96 (1999) [hep-
th/9804058].
[32] J. de Boer, E. Verlinde and H. Verlinde, “On the holographic renormalization
group,” [hep-th/9912012]; E. Verlinde and H. Verlinde, “RG-flow, gravity and
the cosmological constant,” [hep-th/9912018].
14
[33] V. Balasubramanian and P. Kraus, “Spacetime and the holographic renormal-
ization group,” Phys. Rev. Lett. 83, 3605 (1999) [hep-th/9903190].
[34] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, “M theory as a matrix
model: A conjecture,” Phys. Rev. D55, 5112 (1997) [hep-th/9610043].
[35] M. Li, “A note on relation between holographic RG equation and Polchinski’s
RG equation,” [hep-th/0001193]. [hep-th/9806217]. D. Anselmi, L. Gi-
rardello, M. Porrati and A. Zaffaroni, “A note on the holographic beta and c
functions,” hep-th/0002066. S. de Haro, K. Skenderis and S. N. Solodukhin,
[hep-th/0002230]. O. DeWolfe and D. Z. Freedman, [hep-th/0002226].
15
